
MATH 20D: Differential Equations Spring 2023
Homework 5

Lecturer: Finn McGlade UC San Diego

Remember to list the sources you used when completing the assignment.
Below NSS is used to reference the text Fundamentals of Differential Equations (9th

edition) by Nagle, Saff, Snider

Question (1). For each integer n ≥ 0, let fn denote the function

fn : [0,∞)→ R, fn(t) = tn.

(a) By analyzing the improper integral
∫∞
0
e−stdt for s ∈ R, show that the Laplace trans-

form L{f0} is given by the function

L{f0} : (0,∞)→ R, L{f0}(s) =
1

s
.

(b) Using integration by parts, show that if n ∈ Z≥1 then

L{fn}(s) =
n

s
· L{fn−1}(s), s > 0.

(c) By combining the results of part (a) and (b), conclude that L{fn} is given by the
function

L{fn} : (0,∞)→ R, L{fn}(s) =
n!

sn+1
.

(d) Using the result of (c) together with the translation property of the Laplace transform,
calculate L{eattn} where n ∈ Z≥0 and a is constant.

Question (2). Using the integral definition L{f}(s) =
∫∞
0
e−stf(t)dt, calculate the Laplace

transforms of the functions listed below.

(a) f(t) =

{
0, 0 ≤ t < 1,

t 1 ≤ t <∞.
(b) f(t) =

{
sin(2t), 0 ≤ t < 3,

0, 3 ≤ t <∞.
(c) f(t) =

{
e2t, 0 ≤ t < 3,

1 3 ≤ t <∞.

Question (3). By making use of the table of Laplace transforms provided on page 3,
determine the following Laplace transforms.

(a) L{6e−3t − t2 + 2t− 8}, (b) L{t3 − tet + e4t cos(t)}, (c) L{e3t sin(6t)− t3 + et},

(d) L{(1 + e−t)2}, (e) L{t4e5t − et cos(
√
7t)}, (f) L{te2t cos(5t)},

(g) L{sin2(2t)}, (h) L{e7t sin2(2t)}, (i) L{t sin(2t) sin(5t)}.
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Question (4). Let f be a piecewise continuous function defined on [0,∞) and suppose
there exist constants α > 0 and K > 0 such that

|f(t)| ≤ Keαt for all t ≥ 0.

(a) By implementing the estimate∣∣∣∣∫ ∞
0

e−stf(t)ds

∣∣∣∣ ≤ ∫ ∞
0

|e−stf(t)|ds,

show that |L{f}(s)| ≤ K ·
∫∞
0
e−(s−α)tdt for all s. Conclude that lims→∞ L{f}(s) = 0.

(b) Now suppose limt→0+ [f(t)/t] exists so that f(t)/t is piecewise continuous on [0,∞).
Using the Leibniz rule, show that

d

ds

(
L{t−1f(t)}(s)

)
= −L{f}(s).

(c) By combining the results of parts (a) and (b), show that

L
{
f(t)

t

}
(s) =

∫ ∞
s

L{f}(u)du.

Use your result to compute the Laplace transform L
{

sin(t)
t

}
.

Question (5). In each of the parts below, determine the inverse Laplace transform L−1{F (s)}(t).

(a) F (s) = 2
s2+4

, (b) F (s) = 4
s2+9

, (c) F (s) = 3
(2s+5)3

,

(d) F (s) = 1
s5
, (e) F (s) = s−1

2s2+s+6
, (f) F (s) = 6s2−13s+2

s(s−1)(s−6) ,

(g) F (s) = s+11
(s−1)(s+3)

, (h) F (s) = 7s2−41s+84
(s−1)(s2−4s+13)

, (i) F (s) = 7s2+23s+30
(s−2)(s2+2s+5)

,

(h) s2F (s) + sF (s)− 6F (s) = s2+4
s2+s

, (i) sF (s)− F (s) = 2s+5
s2+2s+1

.

Question (6). The identity dn

dsn
L{f}(s) = (−1)nL{tnf(t)}(s) implies that

L−1
{
dn

dsn
L{f}(s)

}
(t) = (−t)nf(t). (0.1)

Use (0.1) to calculate the inverse Laplace transforms below

(a) L−1
{
log
(
s+2
s−5

)}
(t), (b) L−1

{
log
(
s−4
s−3

)}
(t),

(c) L−1
{
log
(
s2+9
s2+1

)}
(t), (b) L−1 {arctan(1/s)} (t)
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